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Abstract-In this paper, we analyze the delamination of two-layer plates loaded in compression.
An initial defect ofadhesion between the layers is assumed, and the propagation of the delamination
produced by the buckling of the debonded area is studied. The brittle fracture mechanics approach
is used to model the debonding phenomenon and the analytical solution is derived from it. The
results are then compared with those obtained by means of a finite element approach, in which the
layers' adhesion is modeled with unilateral springs.

I. INTRODUCTION

Plates laminated in orthotropic layers are increasingly used in aerospace, civil and mech
anical engineering structures. If the edges of laminates are not secured properly, delami
nation can occur. It can either be due to the presence of normal tensile stresses or to the
imperfect bonding between layers. In the latter case, delamination can propagate especially
if loads transverse to the laminate, or normal compression are applied. Delamination
induced by buckling of layers can greatly influence the failure characteristic of com
pressively-loaded laminated plates as shown by various authors (Early, 1981 ; Sterness and
Williams, 1983; Chai et al., 1981; Evans and Hutchinson, 1984). In this paper a unilateral
contact approach, developed in previous studies by Grimaldi and Reddy (1982') and Ascione
and Bruno (1983), is used to model the propagation of delamination of two-layer plates
under uniform axial compression.

The adhesion strength between layers is modeled by springs with finite tensile strength.
The plate is modeled according to the Von Karman plate theory.

A finite element model is developed and applied to investigate some examples of
buckling delamination of two-layer plates with specified initial bonding defect.

For the case of one-dimensional delamination the present approach is validated by
comparing finite element results with analytical solutions. The relationship between the
brittle fracture mechanics approach and the present approach is also discussed.

2. BUCKLING INDUCED DELAMINATION

In this section we present two example problems of delamination of two-layer plates.
The first one corresponds to a narrow two-layer plate of length L and width b (Lib» 1),
with a symmetrical initial bonding defect of length 10' and subjected to axial compression
(Fig. la,b). The second example problem refers to a two-layer symmetrically laminated
circular plate of radius R with a concentric penny-shaped bonding defect of radius R o, and
subjected to a uniform compressive stress at the edge (Fig. IC,d).

As the compressive load N increases several instability phenomena can occur related
to the plate geometry (layer-thickness ratio, initial defect size and plate size). With small
initial defects an overall instability phenomenon of the plate can be found which is scarcely
affected by the delamination defect.
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Fig. I. Narrow plate example (a, b). Circular plate example (c, d).

On the contrary, when considerable initial defect size occurs, the layers buckle in the
initial delaminated area (which may subsequently spread). This phenomenon becomes
particularly interesting when a geometric or load imperfection is also present in the delami
nated region (Fig. 1b,d). Finally, when different thicknesses of layers are given. a global
instability of the whole plate can occur together with a local instability of the layers. For
the narrow-plate model some detailed results were obtained by Yin et al. (1986). where an
analytical model was used to study the critical and postcritical behaviour of a two-layer
plate with different layer thicknesses and an arbitrary size of initial defect.

The circular-plate model was studied by Bottega and Maewal (1983) by using an
analytical model.

In this paper the analysis is restricted to the case of symmetric two-layer plates under
the assumption that the ratio of plate size to defect is such that a local instability phenom
enon occurs.

In particular, for our example problems (Fig. 1), we observe that, by increasing N, the
transverse displacements of the initial delaminated region increase until a characteristic
value Nlim of the load is reached, a value which defines the starting point of the layers'
delamination. After reaching this limit point the spreading of the delaminated area is
unstable, that is, the equilibrium configurations for I > 10 (R > Ro) correspond to decreasing
values of the load N (Fig. 2a,b).
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Fig. 2. Narrow p1..t" {a), circular plale (b). AxIal (oroc vers"" transverse delIection before and after
delamination propagation.

The present paper aims at demonstrating the possibility of using two different
approaches in the analysis of the delamination problem.

In the first approach the delamination is studied by utilizing the results of fracture
mechanics; in the second, the adhesion between the layers is simulated by an elastic
foundation with finite bonding strength.

In the second approach a numerical analysis is developed by using a finite element
technique. The compariiiOn between analytical and numerical results shows the effectiveness
of the numerical approach which can alBa be applied to more complicated two-dimensional
problems.
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3. FRACTURE MECHANICS APPROACH

In the fracture mechanics approach the adhesion between the layers is characterized
by the surface energy density r. Moreover, the delamination is assumed to occur \vhen the
energy release equals the adhesion surface energy. that is:

G ="',. (I)

Here G and y denote the potential energy release and the surface adhesion energy per unit
length of the advancing opening. respectively.

3.1. First example problem: narrow plate
In this case relation (I) becomes:

a
- -Ll<l> = rbal (2)

where Ll<l> is the increment of the total potential energy from the fundamental equilibrium
path, and I is the length of the debonded area. In order to give an expression for Ll<l>, we
now observe that our problem is geometrically nonlinear owing to the destabilizing effect
of the axial load.

Hence, in the present case (one-dimensional example), if we assume that the narrow
plate is axially inextensible, the increment of the total potential energy L\<I>* of the perfect
structure (Fig. la) is given by:

(t (dO)2 (t
L\<I>*(O,i,) = ~EI Jo ds ds-i. Jo (I-cos e) ds (3)

where 0 is the bending slope, s is the arc length along the plate axis, EI is the flexural rigidity
of the plate, i. is the load parameters and I is the actual opening length.

If an initial small imperfection is also present (Fig. Ib), the increment of the total
potential energy L\<I> of the imperfect structure can be expressed as:

L\<I>(O, i.) = L\<I>*(O, i.) + i.t:I(e) (4)

where the parameter t: characterizes the value of the imperfection and 1(0) is a functional
related to the geometrical imperfection.

The functional 1(0), for small initial imperfections is expressed by:

1(0) = J: eo sin eds (5)

where Oo(s) is the function which defines the geometric imperfection.
We point out that the functionals (3) and (4) refer to the upper layer only, since we

can restrict our attention to it because of symmetry.
The equilibrium configurations of the imperfect structure, defined by eqn (4), can be

studied by utilizing a perturbative approach in the form presented by Budiansky (1974).
Let us denote by i'e the critical value of the applied loads, with Oe(s) the buckling

mode [corresponding to the transverse displacements lI'e(s)] and with ethe dimensionless
displacement parameter:

11'(1/2)
e=-I-' (6)

Then, the equilibrium configurations of the structure are defined by means of the equation:



where:
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(7)

(8)

In the previous equation the tenn roc denotes the differential of the functional I(O),
evaluated in the critical direction Oc and 4.1;0; denotes the derivative, with respect to the
load parameter,t, of the second differential c'P;O; of the total potential energy, evaluated at
the bifurcation point. If we assume an initial geometrical imperfection, as the one depicted
in Fig. 3, and assume as imperfection parameter:

we have:

e = fol/o (9)

(10)

It can be observed that the effects of the geometric imperfection are revealed through
the quantity roc. Therefore, the shape ofthe geometric imperfection 0o(s) is not particularly
important to subsequent developments because the relative effects can be easily evaluated
by the integral (5).

The energy increment ac'P can be expressed in the fonn :

(11)

Then, by using eqns (2), (7) and (11), we give the following expression for the delami
nation condition:

(12)

where:

(a)

(b)

___~--...I__fo _

I eo/2 I eo/2 I

e/2 e/2
Fig. 3. (a) Initial imperfection. (b) Buckling mode.

(13)
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rr/o . (/0 ) (/0 )A (I) = -I Sill rr I - I - cos rr I - I - 1.

(14)

(15)

The set of eqns (7) and (12) defines the equilibrium curve ;.-¢ and the relation ; -~. :; being
a dimensionless parameter related to the actual opening length: :; = 1/10 - 1.

3.2. Second example problem: circular plate
For the second example problem we refer to the one-dimensional scheme given in Fig.

4, where the radius R is relative to the actual debonded area. Owing to symmetry, we
consider the upper layer only (Fig. 4d) also in this case.

In this case the analysis of the delamination process is developed in two steps. In the
first step we determine the relation between the axial stress (J Rat the boundary of the actual
debonded area (radius R), and the displacements u(r), w(r) (0:( r:( R).

In the second step we analyze the annular region R :( r :( R, and express the external
uniform pressure (J and the boundary displacements Up, = u(R) as functions of the stress (JR
and the displacements of the circular debonded region. Hence, by using eqn (I ). we obtain
an equation analogous to (12), expressing the delamination condition.

The first step can be developed by assuming that the main aspects of the delamination
process can be adequately modeled by the classical Von Karman's geometrically nonlinear
plate theory.

Consequently, the total potential energy of the actual debonded layer can be expressed
by:

{R [ 11" (W')2J<I>*(U,W,(JR)=rrDJo W,,2+2VW"-;:+ -;: rdr

(a) (c)

!EF
(} ~-(j
--...~ ~4--
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(d) ...!!- c:'==;::::w=!=t;;;;r;;:::kiE:::t1t::Jl-2-

- tEF
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&..

Fig. 4. Circular plate delamination problem. Ro: initial debonding radius. R: actual delamination
radius.
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where D = EI 3/12(1- y2) and C = EI/(I- y2) are the flexural and axial stiffnesses of the
layer and y is Poisson's ratio.

For a given value of the load, the total potential energy in an unbuckled equilibrium
configuration is expressed by:

where:

(18)

Hence, the increment of the total potential energy L1<J)* from the fundamental path is given
by:

(19)

If a small initial imperfection is also present the increment of the total potential energy L1<J)
of the imperfect structure can be expressed by a relation analogous to (4).

Also in this case the analysis is carried out by using a perturbative approach.
The equilibrium configurations of the actual debonded layer are characterized by the

equation:

(20)

where Ue is the critical value of the stress UR at the boundary of the debonded layer, U2 is
the second-order term in the asymptotic expansion of UR, ethe dimensionless displacement
parameter:

e= w(O)/I; (21)

F is the load imperfection parameter that, in the present case, we assume to be such that
the corresponding central deflection of the plate is equal to I:

F= 161tDI/iP, (22)

and Jl is given by an equation analogous to (8) in which Oe is replaced by the out-plane
buckling mode We of the layer and I' Oe by the work of the load imperfection sF on the
buckling mode We'

To get the quantities involved in eqn (20) we utilize the results of the buckling and
postbuckling analysis of the circular plate, given by Thompson and Hunt (1973, Chapter
7, pp. 168-170). For the load terms Ue and U2 we have:

D
Ue = 14.68 RlI' U2 = 0.2049ue ;

while for the out-plane buckling mode we(r) we have:

( ) = Jo('1R )-Jo('1r) = 0 = 3832/R
wer Jo('1R)-I' Y VD . .

Hence, the parameter Jl involved in eqn (20), is given by:

(23)

(24)
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(25)

In previous equations, J o represents the first kind Bessel function of order zero.
The axial displacement tlR = tI(R), at the boundary of the delaminated area, is expressed

by:

(26)

where:

(27)

tlF and tl2 being the prebuckling fundamental solution and the in-plane second-order dis
placements of the buckled configuration. Hence. we giw the final expression of tlR:

At this point we analyze the annular region represented in Fig. 5.
The axial displacements u of this region are expressed by :

R::::; r::::; R.

(28)

(29)

Imposing that u(R) = UR and taking into account eqn (28), we give the expressions for the
external pressure a and the axial displacement till = u(R) :

a(l-v) _ (2 J6(~'R) , y'
UII = - E R- R 4[J

o
Ci'R)- W(yR)-C;-

where:

2R

2R

Fig. 5. (J = pressure at the plate edge of radius R. (J R = pressure at the delamination front of
radius R.

(30)

(31)

(32)
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The increment of the total potential energy of the whole plate is given by :

In the present case the delamination condition (I) becomes:

o
- oR lief> = 2rr.Rr.

32\

(33)

(34)

(35)

Hence, from eqns (33), (34) and (30), by using the numerical value of the Bessel function
Jo(yR) for yR given by eqn (23), we have:

0.605[0.2049+0.l236(I-v2)]~4+1.2le+0(e2
) = 2Po(~J

where:

riP
Po = if t 3 '

c

l4.68D
ifc = R2t . (36)

The first nonzero load imperfection term in eqn (35) is of order e2
, while in the case

of the narrow-plate example, the contribution of the geometric imperfection is represented
by a linear term in e. Therefore, in the case of the circular-plate example, the influence of
the considered initial load imperfection on the delamination condition becomes less impor
tant than in the case of the narrow-plate example. Moreover, previous numerical experi
ments showed that this term [0(e 2

)] can be neglected for the evaluation of the 'parameter.
From eqns (20), (30) and (35) we obtain the equilibrium curves (1-~ and (1R-~ and the

relation ,-~, , being a dimensionless parameter related to the actual opening radius:
, = R/Ro-l. Moreover, through eqns (28) and (31) we obtain the force-displacements
relations (1R - UR, (1-U/t.

4. UNILATERAL CONTACT APPROACH

In the unilateral contact approach, the adhesion between the two layers is modeled by
an elastic foundation with finite tensile strength. The spring reaction r is a function of the
transverse displacements w (Fig. 6) :

_ {kW if W~ Wo

r(w) - 0 'f
1 w> Wo

where k is a positive constant.

w

(37)

Fig. 6. Unilateral springs response: reaction versus deflection.
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Therefore, the strain energy cannot exceed Uo = lj2kH'6 in tension. When the strain
energy of the foundation equals Uo• delamination of the layers occurs. The relation between
Uo in the present approach and r in the fracture mechanics approach is given by Uo = r.
Hence, the limit elongation 11'0 of the springs is given by:

(38)

For a given material, characterized by the limit strain energy [/0' if k -> x the unilateral
solution converges to the fracture mechanics solution.

5. NUMERICAL RESULTS

In this section we give some numerical applications relative to the two example prob
lems examined in Section 3. In particular. some comparisons between the analytical
solutions, obtained via fracture mechanics, and the numerical ones, obtained by the uni
lateral contact approach, are given.

5.1. First example problem
We refer to the scheme represented in Fig. 1b with the initial geometric imperfection

shown in Fig. 3. First we give some results obtained analytically via fracture mechanics.
These results are shown in Fig. 7 and correspond to some values of the adhesion energy

dimensionless parameter (Xo:

(39)

where:

(40)
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Fig. 7. Narrow plate: analytical solution. Load ;. and opening delamination parameter ; versus
transverse deflection w.
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In Fig. 7 the relation between the axial load ;. and the central transverse deflection of
the buckled region of the plate is shown. The continuous curves correspond to the case of
a plate without geometric imperfection. In this case the delamination starts for a value of
the axial load almost equal to the buckling load of the initial debonded region. This value
defines the maximum load capacity ofthe plate. because the propagation ofthe delamination
is unstable. i.e. occurs under decreasing load as shown in Fig. 7. The effect of an initial
geometric imperfection, parameter e, is also shown in Fig. 7. We observe the strong influence
of initial imperfections on the maximum load capacity of the plate. Obviously, this limit
value is an increasing function of the adhesion energy parameter Clo.

As far as the numerical applications corresponding to the unilateral contact approach
are concerned, we developed a finite element model based on the following assumptions:

(i) axial extensibility of the narrow plate,
(ii) piece-wise linear approximation of the axial displacements u,

(iii) piece-wise cubic approximation of the transverse displacements w.

Due to symmetry, only the upper layer needs to be discretized by finite elements.
By using the results of the Von Karman thin plate theory the total potential energy of

the one-dimensional narrow plate can be expressed by:

where Ne is the number of elements, EA is the axial stiffness of the layer, qu and qw are the
axial and transverse loads and x is an abscissa along the plate axis.

The stationary condition of the functional (41) leads to the equilibrium equations in
discrete form :

(42)

where !Yl and !l are the vectors of the resultant internal and external nodal forces, respec
tively. The elemental contributions !Ylie)and !lie) of the plate element are given by:

(43)

where wle
) is the element nodal transverse displacement vector, ele) is the mean stretching

and Le is the length of the element.

fu and fw are the interpolating function vectors and the element matrices K\e), K~e) and Kie)
are expressed by:

K1e
) = IkPofll/(xe)fJ(xe)

NG

(44)

(45)



324 D. BRt.:!'<O and A. GRIMALDI

where Na is the number of Gauss points of the eth element and the coefficients Pa are
defined as:

{
Wa (Gaussian weight at point xc)

Pa = 0
if 11'(Xc } = f~wle) < WI)

if II'(XJ = f~w(e) ~ \rl).
(46)

The solution of the unilateral contact problem is obtained by solving a sequence of
bilateral problems in which the matrix Klel(w) at the ith step sequence is evaluated from
the displacement solution Wi _ I of the previous bilateral problem.

The numerical results obtained are shown in Figs 8 and 9. The dimensionless par
ameter:

r = k/ribjEI

defines the relative stiffness between plate and elastic foundation.

(47)

as
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Fig. 8. Narrow plate: influence of the parameter r on the numerical solution.
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Fig. 9. Narrow plate: comparison between analytical and numerical results.
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The strong influence of this parameter on the unilateral solution is shown in Fig. 8
where it is possible to observe that as r -+ :x, the unilateral solution converges to that
obtained via fracture mechanics.

In Fig. 9 the influence ofthe imperfection parameter eon the delamination phenomenon
is shown, and a comparison between analytical and numerical results is given.

5.2. Second example problem
For this example problem numerical results are obtained for v = 0.3 and fl2R = 0.01.

Also in this case we firstly present the results obtained via fracture mechanics.
In Fig. 10 the relation between the load (J at the plate edge and the central transverse

deflection w of the plate is shown. Figure 11 shows the relation between (J and the axial
displacement UA.. In this example the ratio RolR is assumed as RolR = 0.4, and two different
values of the adhesion energy parameter Po are considered.

These figures show that, by increasing the load, the delamination process starts from
a buckled equilibrium configuration of the initial debonded area, corresponding to a value
of the load which can be much greater than the buckling load. This behaviour is due to
high stiffness of the circular plate in the postbuckling equilibrium configurations. We point
out the different behaviour of this example with respect to the narrow plate.

After starting, the delamination grows with decreasing load with a very unstable
behaviour.
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Fig. 10. Circular plate: analytical solution. External pressure edge C1 versus central transverse
deflection w.
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Fig. 13. Circular plate: analytical solution. External pressure edge (1 versus central transverse
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Figures 12 and 13 show similar results for different values of the initial debonding
parameter Ro/R = 0.4, 0.6, 0.8. In Figs 14 and 15, the relation between the stress (JR

at the delamination front is plotted versus the axial displacement UR and the transverse
deflection w.
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Fig. 15. Circular plate: analytical solution. Stress (1R versus axial displacement UR at the delamination
front.
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Fig. 16. Circular plate: comparison between analytical and numerical results.
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In the previous figures the case of an initial small imperfection, corresponding to the
parameter e defined previously, is also examined.

The results show the small influence of the imperfection on the delamination process.
On the basis offurther numerical results we observed that for the circular plate, the influence
of the imperfection can be neglected for values of e less than 0.1.

In the work of Bottega and Maewal (1983) a similar example is considered, but the
numerical results obtained are different from those shown in the previous figures. We
observe that the delamination condition derived by Bottega and Maewal [eqn (28a)] is
approximate because the first term appearing in our corresponding equation (34) is
neglected. We also observe that the same approximation is contained in the example
developed by Gillespie and Byron Pipes (1984), corresponding to our narrow plate example
of Section 5. However, in this case the influence of the neglected terms is negligible.

In the case of the numerical analysis, a finite element technique, similar to that pre
viously utilized for the narrow-plate example, is also used for the circular-plate example.

The finite element discretization is based on assumptions (i), (ii) and (iii) of Section
5.1 and the governing equilibrium equations, of the form (42), were derived from the
stationary condition of the plate's potential energy functional:

~ = ~ {nD fe+, [W"2+ 2; w'w"+(:J} dr+ 1~~2 fe+1 [(U'+~W'2)2

+2V(U'+~W'2)~ +(~J} dr+n fe+1 k(w)w2r dr-2n fC+1 (q"u+q..w)r dr}

where qu and q.. represent axisymmetric axial and transverse loadings.
In Fig. 16 a comparison between the analytical results and the numerical ones is shown,

for given values of the parameters involved in eqns (20), (30) and (35). These numerical
results were obtained by the same finite element approach described for the first example
problem discussed in Section 5.1, by assuming for the stiffness parameter f = kR 4/D the
value f = 1014

• In this case also a good agreement between analytical and numerical solutions
can be observed.

6. CONCLUSIONS

The postbuckling behaviour of two-layer plates with initial defects in bonding has been
analyzed as a model problem in order to study delamination buckling in composite plates.

The force-displacement relation defining the delamination process has been examined
by using an analytical solution, corresponding to the brittle fracture mechanics approach,
and a finite element method which models debonding by means of unilateral springs.

A good matching is obtained between the analytical and numerical solutions. For the
examined examples, the obtained results show that the delamination process is unstable,
that is, occurring with decreasing external load.

It can also be observed that the finite element approach may be very useful in the
analysis of two-dimensional problems in which the fracture mechanics approach is very
difficult to apply.
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